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1. [In this question i and j are unit vectors due east and due north respectively.] 
 
A ship P is moving with velocity (5i – 4j) km h–1 and a ship Q is moving with velocity 
(3i + 7j) km h–1.  
 
Find the direction that ship Q appears to be moving in, to an observer on ship P, giving your 
answer as a bearing. 

(5) 
      
 

2. Two small smooth spheres A and B have equal radii. The mass of A is 2m kg and the mass 
of B is m kg. The spheres are moving on a smooth horizontal plane and they collide. 
Immediately  before the collision the velocity of A  is (2i – 2j) m s–1 and  the velocity of B 
is (–3i – j) m s–1. Immediately after the collision the velocity of A is (i – 3j) m s–1.  

 
 Find the speed of B immediately after the collision. 

(5) 
 
 

3. At time t = 0, a particle of mass m is projected vertically downwards with speed U from a 
point above the ground. At time t the speed of the particle is v and the magnitude of the air 
resistance is modelled as being mkv, where k is a constant. 

 

Given that U < , find, in terms of k, U and g, the time taken for the particle to double 

its speed. 
(8) 

 
 

4.  

 
 

Figure 1 
 
A small smooth ball B, moving on a horizontal plane, collides with a fixed vertical wall. 
Immediately before the collision the angle between the direction of motion of B and the wall 
is 2q, where 0° < q < 45°. Immediately after the collision the angle between the direction of 
motion of B and the wall is q, as shown in Figure 1.  
 
Given that the coefficient of restitution between B and the wall is , find the value of tan q. 

(8) 
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5. A light elastic spring has natural length l and modulus of elasticity mg. One end of the spring 
is fixed to a point O on a rough horizontal table. The other end is attached to a particle P of 
mass m which is at rest on the table with OP = l. At time t = 0 the particle is projected with 
speed Ö(gl) along the table in the direction OP. At time t the displacement of P from its initial 
position is x and its speed is v. The motion of P is subject to air resistance of magnitude 

2mvω, where ω = . The coefficient of friction between P and the table is 0.5. 

 
(a)  Show that, until P first comes to rest, 
 

 + 2ω  + ω2x = –0.5g. 

(6) 

(b)  Find x in terms of t, l and ω. 
(6) 

(c)  Hence find, in terms of ω, the time taken for P to first come to instantaneous rest. 
(3) 
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6.  

 
 

Figure 2 
 
A river is 30 m wide and flows between two straight parallel banks. At each point of the river, 
the direction of flow is parallel to the banks. At time t = 0, a boat leaves a point O on one 
bank and moves in a straight line across the river to a point P on the opposite bank. Its path 
OP is perpendicular to both banks and OP = 30 m, as shown in Figure 2. The speed of flow of 
the river, r m s–1, at a point on OP which is at a distance x m from O, is modelled as 
 

r = x,     0 £ x £ 30. 

 
The speed of the boat relative to the water is constant at 5 m s–1. At time t seconds the boat is 
at a distance x m from O and is moving with speed v m s–1 in the direction OP. 
 
(a)  Show that  

100v2 = 2500 – x2. 
(3) 

(b)  Hence show that 

 +  = 0. 

 
(4) 

(c)  Find the total time taken for the boat to cross the river from O to P. 
(9) 
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7. 

 
Figure 3 

 
A uniform rod AB, of length 2a and mass kM where k is a constant, is free to rotate in a 
vertical plane about the fixed point A. One end of a light inextensible string of length 6a is 
attached to the end B of the rod and passes over a small smooth pulley which is fixed at the 
point P. The line AP is horizontal and of length 2a. The other end of the string is attached to a 
particle of mass M which hangs vertically below the point P, as shown in Figure 3. The angle 
PAB is 2q , where 0° £ q  £ 180°. 
 
(a)  Show that the potential energy of the system is 
 

Mga(4 sin q – k sin 2q ) + constant. 
(5) 

The system has a position of equilibrium when cos q  = . 
 
(b)  Find the value of k. 

(5) 

(c)  Hence find the value of cos q at the other position of equilibrium. 
(3) 

(d)  Determine the stability of each of the two positions of equilibrium. 
(5) 
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Question 
Number 

 
                                                                  Scheme 

 
Marks    

 
     1. 
 
 
 
 
 
 
 
     2. 
 
 
 
 
 
 
 
     3. 

 

                                             

QVP=VQ−VP= (3i + 7j) − (5i − 4j)

                       = (−2i + 11j)

tanθ = 11
2 ⇒ θ = 79.690...

Bearing is 3500
 

 
 

                           

2m(2i − 2j) +m(−3i − j) = 2m(i − 3j) +mv
                          (i − 5j) = (2i − 6j) + v
                          (−i + j) = v

v = (−1)2 +12 = 2 m s-1
                                 cwo 

 
 

                                          

mg −mkv = m
dv
dt

        dt =
dv
g − kv∫∫

              t = − 1
k ln(g − kv) + c

t = 0, v = u⇒ c = 1
k ln(g − ku)

            T = 1
k ln(g − ku) - 1

k ln(g − 2ku)

               = 1
k ln g − ku

g − 2ku

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ 
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Question 
Number 

 
                                                                  Scheme 

 
Marks    

 
    4. 
 
 
 
 
 
 
 
 
 
 
 
   5.(a) 
 
 
 
 
 
 
 
 
     (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      (c) 

 

                                                 

ucos2θ = v cosθ

 3
8 usin2θ = v sinθ

    3tan2θ = 8tanθ
6tanθ

1 − tan2 θ
= 8 tanθ

     tan2θ = 1
4    (tanθ ≠ 0)

       tanθ = 1
2  
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dx
dt

= 0 ⇒ −ωe-ωt (At +  B) + Ae-ωt = 0

⇒ t =
2

3ω  
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  6.(a) 
 
 
 
 
 
 
 
 
 
     (b) 
 
 
 
 
 
 
 
 
    (c) 

 
                                                               5 
                                      v                                                        vector triangle 
 

                                                          
x

10  

                                

 v2 + ( x10 )2 = 52

  ⇒ 100v2 = 2500 − x2
 

 
 

                                            

200v dv
dx

= −2x

200
d2x
dt2

+ 2x = 0

   
d2x
dt2

+
x

100
= 0    *

 
 
                                

                                     

Aux equn:    m2 +
1

100
= 0

                          ⇒ m = ±
i

10

                 x = Asin t
10

+ Bcos t
10

                  t = 0, x = 0 ⇒ B = 0

                       dx
dt

= A
10

cos t
10

                 t = 0, x = 0 ⇒ v =
dx
dt

= 5

                  ⇒ 5 =
A

10
⇒ A = 50

                           ⇒ x = 50sin t
10

                 x = 30:    30 = 50sin t
10

                            ⇒ t =10 sin−1(
3
5

) = 6.44 s
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  7.(a) 
 
 
 
 
 
 
 
 
     (b) 
 
 
 
 
 
     (c) 
 
 
 
 
 
 
 
 
      (d) 

 

                                            

PE of rod = − kMgasin2θ
BP = 2x2asinθ = 4asinθ
PE of mass = −Mg(6a − 4asinθ)
V = −Mg(6a − 4asinθ ) − kMgasin2θ
  = Mga(4sinθ − ksin2θ) + constant      * 

 

                                         

dV
dθ

= Mga(4cosθ − 2kcos2θ)

so,  4x 3
4 − 2k(2(3

4 )2 −1) = 0

                             ⇒ k = 12  
 
 

                                          

4cosθ − 24(2cos2θ −1) = 0

      12cos2θ − cosθ − 6 = 0
(4cosθ − 3)(3cosθ + 2) = 0

                             cosθ = − 2
3  
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